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Abstract
We consider N = 2 supersymmetric U(1) gauge theory in a nonanticom-
mutative N = 2 harmonic superspace with the singlet deformation. We gen-
eralize analytic superfield and gauge parameter to the nonanticommutative
theory so that gauge transformations act on the component fields in a canon-
ical form (Seiberg-Witten map). This superfield, upon a field redefinition
transforms under supersymmetry in a standard way.
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The deformation of superspace has been studied intensively [1],[2],[3],[4], [5].
Bosonic [6] and fermionic [7] deformations of superspace have given rise to non-
commutative ([x,x]=0) and non(anti)commutative ({θ, θ} 6= 0) coordinates respec-
tively. In the latter case, for N = 1, half of supersymmetry is broken and the
unbroken Q supersymmetry is known as N = 1
2
[7]. It is an interesting problem to
study the deformation of the extended superspace (N = 2). Depending on whether
one chooses the supercovariant derivatives Dα or the supersymmetry generators
Qα as the defferential operators defining the Poisson brackets, one obtains the full
N = 2 supersymmetry [10] or a partial N = 2 supersymmetry [8],[12] respectively.
The singlet deformation of N = 2 supersymmetric U(1) gauge theory in the har-
monic superspace which breaks half of N = 2 supersymmetry has been studied in
[9],[13]. In this case, the gauge and supersymmetric transformations get corrections
which are linear in the deformation parameter. It is interesting to generalize analytic
superfield and gauge parameter to the non(anti)commutative theory so that gauge
transformations of the component fields have canonical forms (Seiberg-Witten map).
Seiberg and Witten claimed in [6] that certain noncommutative gauge theories are
equivalent to commutative ones. In particular, they argued that there exists a map
from a commutative gauge field to a noncommutative one which is compatible with
the gauge structure of each. In this work we will apply this idea to U(1) N = 2
with a singlet deformation and obtain the deformed supersymmetry transformations
of the component fields . Finally we will redefine component fields such that the
standard form of supersymmetric transformations is restored and then use them to
find the action which turns out to have a simple form.
We begin by introducing the non(anti)commutative deformation of N = 2 har-
monic superspace. N = 2 in the four dimensional superspace is parameterized by
(xµ, θα, θ¯α˙, u+i) where µ = 0, 1, 2, 3, α, α˙ = 1, 2 and i = 1, 2 are spacetime, spinor
and SU(2)R indices respevtively. In this harmonic superspace, supersymmetry gen-
erators Q±α , Q¯α˙± and supercovariant D
±
α , D¯
±
α derivatives are defined by
Q±α = u
±
i Q
i
α, Q¯
±
α = u
±
i Q¯
i
α,
D±α = u
±
i D
i
α, D¯
±
α = u
±
i D¯
i
α, (1)
and analytic superfields are defined by the differential constraint
D+αφ = D¯
+
αφ(x
µ
A, θ
+, θ¯+, u) = 0. (2)
The non(anti)commutativity in the N = 2 harmonic superspace is introduced
by Moyal-Weyl star product
{θαi , θβj }∗ =
1
4
ǫijǫ
αβCs. (3)
Here the *-product is defined by
f(θ) ∗ g(θ) = f(θ)exp(P )g(θ),
1
P = −1
8
ǫijǫ
αβCs
←−
Q
i
α
−→
Q
j
β . (4)
The action ofN = 2 supersymmetric U(1) gauge theory in this non(anti)commutative
harmonic superspace is written in terms of an analytic superfield V ++[14]
S =
1
2
∞∑
n
(−i)n
n
∫
d4xd8θdu1 . . . dun
V ++(ζ1, u1) ∗ . . . ∗ V ++(ζn, un)
(u+1 u
+
2 ) . . . (u
+
nu
+
1 )
, (5)
where ζi = (xA, θ
+
i , θ¯
+
i ) and d
8θ = d4θ+d4θ−. The action is invariant under the
gauge transformation
δ∗ΛV
++ = −D++Λ + i[Λ, V ++]∗ . (6)
The gauge parameter Λ(ζ, u) is also analytic. D++ harmonic derivative is defined
by
D++ = u+i
∂
∂u−i
− 2iθ+σµθ¯+ ∂
∂xµA
+ θ+α
∂
∂θ−α
+ θ¯+α˙
∂
∂θ¯−α˙
. (7)
Since the analytic superfild and gauge parameter contain an infinite number of
(auxilary) fields in the harmonic superspace representation, the gauge freedom can
be used to set some of their components to zero [15]. In the Wess-Zumino(WZ)
gauge we then find
V ++WZ(ξ, u) = − i
√
2(θ+)2φ¯+ i
√
2(θ¯+)2φ− 2i(θ+σµθ¯+)Aµ
+ 4(θ¯+)2θ+ψiu−i − 4(θ+)2θ¯+ψ¯iu−i (8)
+ 3(θ+)2(θ¯+)2Diju−i u
−
j , and Λ = λ(x
µ
A).
In the case of singlet deformation, the gauge variation of V ++WZ is calculated as
δ∗λV
++
WZ = +2i(θ
+σµθ¯+)∂µλ− 1
8
ǫαβǫijCs
[
4i
√
2θ+α σ
µ
ββ˙
(θ¯β˙)∂µλφ¯
− 4σµαα˙σνββ˙
i
2
ǫα˙β˙(θ¯+)2∂µλAν + 16σ
µ
ββ˙
(θ¯+)β˙(θ¯α˙)θ+α ψ¯
iu−i ∂µλ
]
[
u+ju−i − u+iu−j
]
(9)
= −2i(θ+σµθ¯+)
[
−∂µλ− 1√
2
Cs∂µλφ¯
]
+ i(θ¯+)2Cs∂µλA
µ
+ 4(θ¯+)2(θ+)β
(−1
2
∂µλ(σ
µψ¯i)βCsu
−
i
)
.
2
Deformed gauge transformations for the component fields in the case of the singlet
deformation read as
δ∗ΛAµ = −
(
1 +
1√
2
Csφ¯
)
∂µλ ,
δ∗Λφ =
1√
2
CsAµ∂
µλ , (10)
δ∗Λψ
i
α = −
1
2
Cs∂µλ(σ
µψ¯i)α ,
δ∗Λφ¯ = δ
∗
Λψ¯
i
α˙ = δ
∗
ΛD
ij = 0.
We may also consider another point of view in which we change the definition of
the superfields and the supergauge parameter such that the gauge transformations
of the component fields get the standard form. In comparision with the previous
situation, this point of view could then be interpreted as the Seiberg-Witten map
for the non(anti)commutative N = 2 SYM theory [16].
To be precise let us consider a deformed analytic superfield V ++WZ as follows
V ++WZ(ξ, u) = −i
√
2(θ+)2φ¯+ i
√
2(θ¯+)2φ− 2i(θ+σµθ¯+)Aµ + 4(θ¯+)2θ+ψiu−i
− i
2
ǫijǫ
αβ(θ¯+)2θ+β σ
µ
αα˙{(ψ¯i)α˙, Aµ}u−j − 4(θ+)2θ¯+ψ¯iu−i (11)
+ 3(θ+)2(θ¯+)2
[
Dij − Cs
3
√
2
ǫij∂µ{Aµ, φ¯}
]
u−i u
−
j .
Accordingly we will also change the gauge parameter Λ as the following
Λ = λ+
i
4
ǫiju
−iu−jCs(θ¯
+)2{∂µλ,Aµ}+ i
2
√
2
ǫiju
−iu−jCs(θ
+σµθ¯+){∂µλ, φ¯}. (12)
In order to find the gauge transformation of the component fields one needs to
compute the effect of D++ on the gauge parameter Λ
D++Λ = −2i(θ+σµθ¯+)∂µλ+ 2i
4
ǫiju
+iu−jCs(θ¯
+)2{∂µλ,Aµ}
+
i√
2
ǫiju
+iu−jCs(θ
+σµθ¯+){∂µλ, φ¯} (13)
+
1√
2
ǫiju
−iu−jCs(θ
+)2(θ¯+)2∂µ{∂µλ, φ¯}.
Moreover we find
[λ, V ++WZ ] =
[
λ,
−i
2
Csǫijǫ
αβ(θ¯+)2θ+β σ
µ
αα˙{(ψ¯i)α˙, Aµ}u−j
]
3
=
−i
2
ǫijǫ
kl
[
u+k u
−
l , u
−j
]
ǫαβ(θ¯+)2θ+β σ
µ
αα˙λ{(ψ¯i)α˙, Aµ} (14)
= −iCs(θ¯+)2θ+ασµαα˙λ{(ψ¯i)α˙, Aµ}u−i .
Here we have used the fact that the gauge group is U(1) and therefore all other
terms in Λ will commute with V ++.
Plugging (13) and (14) into (6), the gauge transformation of the deformed ana-
lytic superfield (11) reads
δ∗λV
++
WZ = −2i(θ+σµθ¯+)
[
− ∂µλ− 1√
2
Cs∂µλφ¯
]
+ i(θ¯+)2Cs∂µλA
µ
+ 4(θ¯+)2(θ+)β
(−1
2
∂µλ(σ
µψ¯i)βCsu
−
i
)
− 2i
4
Cs(θ¯
+)2{∂µλ,Aµ} (15)
− 1√
2
Cs(θ
+)2(θ¯+)2∂µ{∂µλ, φ¯}u−iu−j − i√
2
Cs(θ
+σµθ¯+){∂µλ, φ¯}
+ Cs(θ¯
+)2θ+ασµαα˙λ{(ψ¯i)α˙, Aµ}u−i
From this relation one can read the gauge transformations of the components of
the superfeild in the case of singlet deformation as follows
δ∗ΛAµ = −∂µλ, δ∗Λφ = δ∗Λψiα = δ∗Λφ¯ = δ∗Λψ¯iα˙ = δ∗ΛDij = 0. (16)
which is the same as the ordinary field theory. Therefore by making use of the
deformed analytic superfield (11) the gauge transformations of the component fields
(10) reduce to the canonical form.
Let us now write down the corresponding Lagrangian using the deformed super-
field (11). By making use of the same method as in [12], the Lagrangian up to the
first order of (Cs) can be computed. The result is
L =
1
4
Fµν(F
µν + F˜ µν)− iψiσµ∂µψ¯i − ∂µφ∂µφ¯+ 1
4
DijD
ij
+
1√
2
CsAν∂µφ¯(F
µν + F˜ µν) +
i√
2
Csφ¯
(
ψkσν∂νψ¯k
)
+
i√
2
Cs
(
ψkσνψ¯k
)
∂ν φ¯
+
i
2
Csψ¯
iψ¯jDij +
√
2
4
CsAµA
µ∂2φ¯−
√
2
4
Csφ¯D
ijDij. (17)
where F˜ µν = i
2
ǫµνρσFρσ.
The next step would be to check how the supersymmetry transformations δξ
of the component fields work for this deformed superfield. The supersymmetry
transformation in the WZ gauge and for the non(anti)commutative case has been
studied in [13] which has the following form
δξV
++
WZ = δ˜ξV
++
WZ + δ
∗
ΛV
++
WZ
4
δ˜ξV
++
WZ ≡ ξαi QiαV ++WZ , (18)
where in the analytic basis one has
ξαi Q
i
α = −ξ+αQ−α + ξ−αQ+α ,
with
Q+α =
∂
∂θ−α
− 2iσµαα˙θ¯+α˙
∂
∂xµA
,
Q−α = −
∂
∂θ+α
.
To preserve the WZ-gauge we must use the most general analytic gauge param-
eter Λ(ζ, u):
Λ(ζ, u) = λ(0,0)(xA, u) + θ¯
+
α˙λ
(0,1)α˙(xA, u) + θ
+αλ(1,0)α (xA, u)
+ (θ¯+)2λ(0,2)(xA, u) + (θ
+)2λ(2,0)(xA, u) + θ
+σµθ¯+λ(1,1)µ (xA, u) (19)
+ (θ¯+)2θ+αλ(1,2)(xA, u) + (θ
+)2θ¯+α˙λ
(2,1)α˙(xA, u) + (θ
+)2(θ¯+)2λ(2,2)(xA, u).
Using the appropriate gauge parameter and the deformed analytic superfield
(11), it is easy to see how the various fields transform
δξφ = −√2iξiψi − i
2
√
2
Csξ
iσµ{ψ¯i, Aµ} ,
δξφ¯ = 0 ,
δξAµ = iξ
iσµψ¯i ,
δξψ
i
α =
(
1 +
1√
2
Csφ¯
)
(σµνξi)αFµν −Dijξαj , (20)
δξψ¯
α˙i = −√2(σ¯µξi)α˙
(
1 +
1√
2
Csφ¯
)
∂µφ¯ ,
δξD
kl =
{
− iξkσµ∂µψ¯l − iξlσµ∂µψ¯k
}(
1 +
1√
2
Csφ¯
)
.
It is straightforward to find a series of field redefinitions which bring these de-
formed supersymmetry transformations to the standard form. We introduce the
multiplet (aµ, ϕ, ϕ¯, λ
i
alpha, λ¯
α˙i, D˜ij) as
aµ = F (φ¯)Aµ ,
5
ϕ = F (φ¯)2
(
φ+ Cs
1
2
√
2
AµA
µ
)
,
ϕ¯ = φ¯ ,
λ¯α˙i = F (φ¯)ψ¯α˙i (21)
λiα = F (φ¯)
2ψiα ,
D˜ij = F (φ¯)2Dij,
where F (φ¯) is a function of φ¯ and is determined as
F (φ¯) =
1
1 + 1√
2
Csφ¯
.
It is easy to check that the multiplet (aµ, ϕ, ϕ¯, λ
i
alpha, λ¯
α˙i, D˜ij) transforms canon-
ically under supersymmetry transformations
δξaµ = iξ
iσµλ¯i,
δξϕ = −i√2ξiλi,
δξϕ¯ = 0,
δξλ
i
α = (σ
µνξi)fµν − D˜ijξαj , (22)
δξλ¯
α˙i = −√2(σ¯µξi)α˙∂µϕ¯,
δξD˜
ij = −i
(
ξiσµ∂µλ¯
j + ξjσµ∂µλ¯
i
)
.
Here fµν = ∂µaν − ∂νaµ . In the singlet deformed U(1) theory which we consider
here the action can be constructed as [10]
S =
1
4
∫
d4xLd
4θduW ∗W = 1
4
∫
d4xLd
4θduW 2, (23)
where xL is a chiral-analytic coordinate:
xµA = x
µ
L − 2iθ−σµθ¯+.
To compute the filed strength W = 1
4
(D¯+)2V −− one can obtain V −− from this
differential equation
D++V −− −D−−V ++ + i[V ++, V −−]∗ = 0, (24)
6
here
D−− = ∂−− − 2iθ−σµθ¯− ∂
∂xµA
.
In terms of the deformed analytic superfield (11), W is calculated as
W =
[
φ+
Cs
2
√
2
AµA
µ
]
+ 2θ+[ψiu−i ]−
2
1 + 1√
2Csφ¯
θ−[ψiu+i ]
+ (θ+)2
[
2Cs
1 + 1√
2Csφ¯
ψ¯iψ¯j +Dij
]
u−i u
−
j
+
(
1
1 + 1√
2Csφ¯
)
(θ−)2
[
2Cs
1 + 1√
2Csφ¯
ψ¯iψ¯j +Dij
]
u+i u
+
j (25)
−
(
2
1 + 1√
2Csφ¯
)
(θ+θ−)
[
2Cs
1 + 1√
2Csφ¯
ψ¯iψ¯j +Dij
]
u−i u
+
j
+ (θ+σµνθ−)Fµν + 2i(θ
−)2θ+σµ∂µ
(
1
1 + 1√
2Csφ¯
ψ¯i
)
u+i
+ 2i(θ+)2θ−
(
1 +
1√
2Csφ¯
)
σµ∂µ
(
1
1 + 1√
2Csφ¯
ψ¯i
)
u−i − (θ+)2(θ−)2∂2φ¯,
If we use redefined fields (21) to compute the Lagrangian we will see that it has
this simple form
L =
(
1 +
1√
2Csφ¯
)2
L0, (26)
where
L0 =
1
4
fµν(f
µν + f˜µν)− iλiσµ∂µλ¯i − ∂µϕ∂µϕ¯ + 1
4
D˜ijD˜
ij.
In this paper, using the Seiberg-Witten map, we have determined the generalized
analytic superfield and gauge parameter of N = 2 supersymmetric U(1) gauge
theory to the non(anti)commutative harmonic superspace for which the component
fields transform canonically under gauge transformations. The component fields are
then redefined to preserve the standard form of supersymmetry transformations.
With this redefined component fields, the Lagrangian is obtained which has the
same form as the one in [9].
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